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Abstract. We consider the two dimensional L 2 critical nonlinear Schrodinger 
equation id t u + Au + u\u\ 2 = 0. In the pioneering work Bourgain and Wang 
have constructed smooth solutions which blow up in finite time T < +00 with 
the pseudo conformal speed 

l|Vw(t)|| i2 ~ j^— t , 

and which display some decoupling between the regular and the singular part 
of the solution at blow up time. We prove that this dynamic is unstable. More 
precisely, we show that any such solution with small super critical L 2 mass lies 
on the boundary of both H 1 open sets of global solutions that scatter forward 
and backwards in time, and solutions that blow up in finite time on the right 
in the log- log regime exhibited in |28j . |31| . |41| . We moreover exhibit some 
continuation properties of the scattering solution after blow up time and recover 
the chaotic phase behavior first exhibited in |26| in the critical mass case. 



1. Introduction 

1.1. Setting of the problem. We consider in this paper the cubic two dimensional 
focusing nonlinear Schrodinger equation: 

(Arr q\ ( iu t = -Au-\u\ 2 u, (i,i)£lxR 2 , . . 

K ° } \ u(t ,x) = u (x), u :R 2 ^C, t £l. 1 > 

This is the special case of physical relevance of the N dimensional L 2 critical (NLS): 

iut = -Au- \u\%u, (t,x)GRxR N . (1.2) 

From a result of Ginibre and Velo |11| . (|l.ip is locally well-posed in H 1 = H l {R?) 
and thus, for uq £ H , there exists to < T < +00 and a unique solution u(t) 6 
C([tQ, T), H 1 ) to (jl.ip and either T = +00, we say the solution is global, or T < +00 
and then lim^j- ||Vit(i)||z,2 = +00, we say the solution blows up in finite time. The 
Cauchy problem can also be solved in the critical L 2 space, [3], in which case from 
standard Strichartz bound |46j . [3], finite time blow up is equivalent to 

IMIl 4 ([o,t),z4) = +00. 

Note also that the equation is time reversible and the flow can similarly be solved 
backwards in time. 

(jl.ip admits the following conservation laws in the energy space H : 
L 2 - norm : ||«(t)||| 2 = H^oll^; 

Energy : E(u(t,x)) = \ J \Vu(t, x)\ 2 dx - \ J \u(t, x)\ A dx = E(u ); 
Momentum : Im(f 'Vu(t,x)u(t,x)dx) = Im(fVuo(x)uo(x)dx). 
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A large group of H 1 symmetries leaves the equation invariant: if u(t, x) solves ([Lip , 
then V(A ,t ,3;o,/?o,7o) £ x i x I 2 x I 2 x I, so does 

v(t, x) = X u(X 2 t + r , A x + x - A)*)e*^-(*-^e*w. (1.3) 

The scaling symmetry v(t,x) = \ou(\Qt, \qx) leaves the L 2 space invariant and 
hence the problem is L 2 critical. The additional pseudo conformal symmetry 

1 / 1 x \ -M 2 
v(t,x) = Cu(t,x) = --u [ , -j— r J e*"*^, (1.4) 

\T\ \ T \T\J 

is a continuous transformation for r 7^ in the virial space 

£ = {xu G L 2 } n H 1 . 
Following [10J, (21] . let now Q be the unique H l nonzero positive radial solution 

to 

AQ-Q + Q 3 = 0, (1.5) 

then the variational characterization of Q ensures that initial data uq G H 1 with 
II m o||l 2 < IIQIIl 2 yield global and bounded solutions, |48| . Moreover, for no G S 
or no G H 1 and radial, the solution scatters forward and backward in time, or 
equivalently from standard Strichartz estimates: 

IMIl,4(K,L4) < +00, (1.6) 

see [13] and [5|, |S| for the defocusing case and references therein. At the critical 
mass threshold ||uo||l2 = ||<3||l2, two new dynamics occur: the solitary wave non 
dispersive dynamics 

u(t,x) = Q(x)e lt , 

and the critical mass blow up solution generated by the pseudo conformal symmetry 

S(t,x) = 1 (o^\ e -7, t G R* (1.7) 

which blows up with the pseudo conformal speed 

||Vn(t)|| L 2 ~ — as t 0. 

From |27j . S(t) is the unique up to the symmetries critical mass blow up solution. 
Through the pseudo conformal symmetry, this also classifies the solitary wave as 
the unique non dispersive critical mass solution in S up to the symmetries, see |14j 
[22j for an extension to lower regularity. 

1.2. Three known dynamics. We focus from now on and for the rest of this paper 
onto H 1 solutions with mass slightly above the critical one: 

\\Q\\ L 2 < \\u\\ L2 < \\Q\\ L 2+ a* (1.8) 

for some small enough universal constant a* > 0. A general open problem is to 
classify the possible dynamics of the flow near the solitary wave Q. Three kind of 
regimes have been exhibited so far: 

(i) Scattering solutions: Solutions that scatter forward and backward in time in 
the sense of (jl.6p have been exhibited with arbitrary mass, see for example [39j, and 
from standard Strichartz estimates |46| , see also [3] , the corresponding set of initial 
data is open in H . 



(ii) Soliton like solutions and pseudo conformal blow up: Solutions that scatter 
forward to Q with super critical mass 

u(t) - Q - e jtA iioo ->■ in H 1 as (-)> +00 

are constructed in the pioneering work by Bourgain and Wang [2j in dimensions 
N = 1,2, and in the further extension by Krieger and Schlag |17| in dimension 
N = 1. Through the pseudo conformal transformation (jl.4p . they equivalently 
correspond to super critical mass finite time blow up solutions with exact S(t) blow 
up profile. 

Theorem 1.1 (Bourgain, Wang [2]). Let Aq be a given integer. Let A > Aq a large 
enough integer. Let 

z * G X A = {/ G H A with (1 + \x\ A )f G L 2 }, 

and let z G C((T*, 0], X" 4 ) 6e i/te solution to 

id t z + Az + z|z| 2 = 0, ^ Q , 

where T* < is the maximal time of existence of z. Assume that z* vanishes to 
high order at the origin: 

D a z*(0) = for \a\<A-l. (1.10) 

Then for all G M 7 there exists to <Q and a unique solution tou e BW £ C([to,0), Xa ) 
to dTTJ fflit/i 

||uV(*)-S(*K*-*(i)||x Ao <|t| A °. (l.H) 
For t < 0, we will denote 

«BW(*) 

the Bourgain Wang solution which blows up at time T = with regular part z* 
and singular part S(t)e lS given by Theorem II 11 Note that S(t) scatters to the 
left as t — > — 00, and a further simple argument^ ensures that under the additional 
smallness assumption 

\\z*\\ h a < a* < 1, (1.12) 

U BW sca tters to the left in time: 

u d BW EC((-oo,0),H Ao ), ||uVMIIl4((-oo,-i],l4) <oo. (1.13) 

Moreover, it blows up at t = with blow up speed given by the pseudo-conformal 
speed: 

l|V«W(*)[l^ ~ 4- (1-14) 

From the time reversibility of the equation, we let for t > u BW (t) be the solution 
which blows up backwards at t = with S(t)e i8 singular part and z* regular part, 
and u BW is global and scatters at +00 and blows up at the origin with speed (|1.14p . 
In general, solutions blowing up with the pseudo conformal blow up speed f)l . 14[) 
have been conjectured to be unstable and to live on a codimension one manifold, 
see Krieger, Schlag [17] for further results in this direction. 

(Hi) Log-log blow up solutions: Eventually, after the pioneering work by Perelman 
|38| in dimension N = 1, the existence of an H 1 open set of initial data leading 
to finite time blow up solutions in the so called log-log regime is proved in the 



Indeed, on can show that u e BW satisfies (|4.5|l . and then Lemma 12.21 yields the result. 
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series of works by Merle and Raphael [28],[29],[ll],[3n],[3l],|32]. These solutions 
concentrate a universal bubble of mass at blow up 

u(t,x) - — j— Q ( X ~, X ^ ) e* 7(f) -» u* in L 2 as t —?■ T = T(u) < +00 

for some parameters — > x(T) € K 2 , j(t) — > +00 and a blow up speed 



||V„( ( )|| ia = A( t ) = + <-(!)) as ^ T. (1.15) 

Note that if we normalize the blow up time at T = and consider the pseudo 

conformal transformation (|1.4p . then Cu(t, x) is global on the right in time and 
behaves like a spreading bubble with anomalously slow decay: 

\\Cu{t,x)\\ 4 l4 ~ log ^ osr| as r -» +oo. (1.16) 
Note that this dynamic is by construction unstable by loglog blow up. 

Finally, let us observe that the critical mass blow up solution S(t) lies on the 
boundary of both H 1 open sets of global solutions that scatter forward and back- 
wards in time and solutions that blow up in finite time on the right in the log-log 
regime due to the following explicit deformations: 

• 1) = (1 — rj)S(— 1), 7] > 0, has subcritical mass and thus the corre- 
sponding solution is global and scatters on both sides in time, |13| : 

• let u v (—l) = (1 — r))S(— 1), r) < small, and v v = Cu its pseudo conformal 
transformation given by (|1.4p . then v v (l) = (1 — rj)Q has small super critical 
mass and E(v v ) < from direct check, hence it blows up in finite time 
1 < t v < +00 in the log log regime, [28], [29], [30], and thus from (|1.4p . u v 
also blows up in finite time < in the log log regime. 

1.3. Statement of the result. Our aim in this paper is to make some progress 
towards the understanding of the flow near Q and the proof of the conjectured 
instability of the pseudo conformal type of blow up (|1.14p . We prove this instability 
for the special class of Bourgain Wang solutions. The particularity of these solutions 
is the decoupling in space between the singular S(t) blow up bubble and the residual 
smooth z* part induced by the high degeneracy at blow up point (jl.lOp . More 
precisely, we claim that Bourgain Wang solutions like the critical mass solution 
S(t) lie on the border of both the H 1 open set of forward and backward scattering 
solutions, and the H 1 open set of solutions which blow up in finite time in the 
log-log regime f j 1 . 1 5 h . The following theorem is the main result of this paper: 

Theorem 1.2 (Strong instability of Bourgain- Wang solutions). Let a* > be a 

small enough universal constant and A be a large enough integer. Let z* £ Xa 
radially symmetric satisfying the smallness assumption (|1.12|) and the degeneracy 
at blow up point (|1.10p . Let u® BW £ C((— oo,0),E) be the corresponding Bourgain- 
Wang solution given by Theorem with 9 = 0. Then there exists a continuous 
map 

T : [-1,1] 

such that the following holds true. Given r) G [—1,1], let u v (t) be the solution to 
(jl.ip with data u v (—l) = T(t]) ; then: 

• r(0) = vP BW (—l) ie \/t < 0, n J?= o(t) = u %\\r{t) is the Bourgain Wang solu- 
tion on (—oo,0) with blow up profile S(t) and regular part z* ; 
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• Vry G (0, 1], u v G C(R, £) is global in time and scatters forward and backwards 
in the sense of (|1.6|) : 

• Vr/ G [—1,0), G C((— oo, T*), S) scatters to the left and blows up in finite 
time T* < on the right in the log-log regime (|1.15|) with 

T* -> as 7/ -»■ 0. (1.17) 

Theorem 11.21 will follow trough a complete description of the curve T in terms 
of explicit modified profiles Q v (t) which are deformations of S(t) across the pseudo 
conformal regime, see (|2,19p for precise definitions. In the log log regime rj < 0, the 
dynamics splits into three parts: the scattering dynamics for t < — 1, the pseudo con- 
formal blow up where the solution remains near ubw f° r t < (1 + S)T* < S <C 1. 
and eventually the log- log blow up for t ~ T*. The control of the solution in each 
regime requires a specific analysis: Strichartz control at critical L 2 regularity for 
t < — 1, a first monotonicity formula valid in the pseudo conformal regim^ only, 
and then the log log machinery based on another monotonicity formula from [28j, 

M- M- M- M- 

In the global scattering regime 7] > 0, an important outcome of the proof is that 
we may follow the flow of u v (t) for rj > past the blow up time t = of the limiting 
Bourgain Wang solution as ry — > 0. Indeed, a straightforward continuity argument 
ensures a strong limit before blow up time: 

Vt < 0, u v (t) u% w (t) in £ as n 0. 

The important problem is to understand what happens for t > 0, and we recover 
the chaotic phase behavior first exhibited by Merle |26] in the critical mass case: 

Theorem 1.3 (Continuation of after blow up time). Let < rj < 1 and u v G 

C(M, S) be the global scattering solution built in Theorem \l.£\ Then: 

(i) Identification of the limit points: Let t > 0, then the limit points of the sequence 
(n^(t)) r) >o as n — > are given by 

u e BW {t), 6£R. 

(ii) Existence of converging subsequences: \/9 G R, there exists a sequence r/ n — > 
such that 

Vt > 0, Uri n (t) ^ u e BW (t) in S as n — > +oo. (1-18) 

In other words, the regularization after blow up time of the pseudo conformal 
Bourgain Wang blow up corresponds to a defocalization onto another Bourgain 
Wang profile with shifted blow up profile S(t)e ie and same regular part z*, and 
where the phase shift displays a chaotic behavior as r] — > for t > 0. 

Eventually, the pseudo conformal symmetry (|1.4|) yields the following corollary 
of instability of the manifold of forward scattering to Q. 

Corollary 1.4 (Instability of the manifold of forward scattering to Q). Let z*,^ 
as in the hypothesis of Theorem M ."A Then there exist continuous maps 

r* : [—1, 1] — >• E, i = l,2 

such that the solution to (|l.ip with data v^l) = T l (n) satisfies the following: 

• o G C(M^,£) and scatters to Q to the right: 

Vq(t) — Q — Cz(t) — > in L 2 as r — > +oo. 



see Lemma 13.51 
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• Vr; G (0, 1], vt G C(M*, S) scatters forward as r —> +oo in i/ie sense of (|1.6p . 

• Vn G [— 1,0), G C((0, Z^), X) Wow;s up m finite time < T* < +oo on 
i/ie rig/ii in the log-log regime with T* — > +oo as n — > 0. 

• Vn G [—1, 0), ujj G C((0, +oo), X) and spreads to the right with the anomalous 
decay rate (|1.16|) . 

Comments on the result 

1. Comparison with previous works: The instability result of Theorem 11.21 and 
Corollary 11.41 should be compared with the interesting classification results recently 
obtained by Nakanishi and Schlag [35], [36] • These works lies in the continuation 
of former and more recent works which address the question of the existence and 
uniqueness of critical dynamics [26], [27], [8], [9], [7], |43| and the understanding of 
the center manifold near the ground state in super critical regimes |45j . [17] . |15| . 
[16| . [1]. In [36] . the dynamics of the flow near the ground state solitary wave for 
the L 2 super critical cubic (NLS) in dimension 3 are completely classified through 
a series of 9 different scenario which in particular identify the stable manifold of 
forward scattering to Q as a threshold dynamic between the stable dynamics of 
finite time blow up and scattering. Note in passing that the scenario of anomalous 
scattering (j 1 . 1 6 [) does not occur in [36| . In the work [36j however, finite time blow 
up is obtained through a virial argument without any qualitative information on 
the attained blow up regime. Moreover, the analysis by Krieger and Schlag [17] 
suggests that despite some recent important progress on the construction and the 
understanding of the scattering manifold to Q in super critical settings, it seems 
substantially more delicate to implement this kind of analysis to the L 2 critical case 
under consideration which is degenerate and critical with respect to a conservation 
law. 

2. On the existence and instability of threshold dynamics: The construction of 
the deformation T in Theorem 11.21 will not rely on a fixed point like argument as 
in PJ, [45] . |15| . [16] , |18| . |19j . [20] but rather on softer compactness arguments as 
in [25] . [23], [17] . |43| . |12j . Moreover, the threshold Bourgain Wang regime will 
be achieved as the limit from above and below of a family of solutions which each 
correspond to a stable dynamics, respectively scattering and log log blow up, and 
does not need to be constructed a priori. A similar strategy which gives together 
the existence and the instability of the threshold dynamics was used by Matano 
and Merle in their study of the super critical heat equation, see [24] and references 
therein. The extension of this strategy to the full family of pseudo conformal blow 
up solutions build in [17] is open. 

3. Extensions: We have decided to work for simplicity in dimension N = 2 
and for radial data, but similar issues could be addressed for the N dimensional 
L 2 critical (NLS) (|1.2p . The extension to dimension N = 1 and for non radial 
Bourgain Wang solution in dimension N = 1,2 is straightforward^). For higher 
dimensions, the roughness of the nonlinearity becomes a serious trouble. We will 
however along the proof of Theorem revisit the Bourgain Wang machinery and our 
new strategy has two main outcomes. The first one is that we will completely avoid 
the use of the pseudo conformal symmetry as an explicit symmetry and use instead 

o 

The non radial case would follow by introducing modulation on the translation parameter and 
Galilean deformation of the blow up profile which are lower order deformations, see |33| . [40] . [43] 
for the full treatment of these issues in a similar setting. 
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a number of tools developed by Raphael and Szeftel |43j for the study of minimal 
mass conformal blow up for an inhomogeneous (NLS) equation which yield a direct 
dynamical investigation of the pseudo conformal blow up without any need for a 
symmetry. In this sense, we expect the results of Theorem 11.21 and Theorem 11.31 
to extend to a large class of nonlinear critical dispersive problems. The second 
outcome is that we will seriously diminish the regularity needed for the Bourgain 
Wang analysis, see in particular Remark 14. 2| which makes a partial extension of 
the above results in particular to dimension N = 3 more reasonable to attain. 
This would require a separate analysis which remains to be done. Eventually, the 
smallness assumption (|1.12p on z* is used only to ensure global scattering behavior 
away from blow up. Without smallness, similar results can be proved on the time 
interval (— T*,T£) of existence of the solution to (|1 .9|) with very similar proofs and 
using in particular the large L 2 mass loglog analysis in [33]. 

1.4. Strategy of the proof. Let us give a brief insight into the strategy of the 
proof of Theorem II .21 which follows from two main steps. 

step 1 Approximate profiles. 

The first step is to construct approximate profiles Q v (t) which are transversal 
to the pseudo conformal manifold. The instability direction is remarkably enough 
completely explicit and corresponds to profiles: 



and where P-^ is a suitable small deformation of Q. The profiles P^ yield exact well 
localized scattering solutions for r] < 0, and P v= q = Q so that 



For rj > 0, the self similar profile P v is unbounded in L 2 and the corresponding 
solution will blow up in finite time T v < in the log-log regime instead of the self 



similar regime X(t) ~ dT^ — t with f v = —y/\rj\ formally predicted by (|1.19p . 



step 2 Backwards bootstrap of the flow. 

We now pick an asymptotic smooth profile z* satisfying the degeneracy (jl.lOp . 
We also assume the smallness condition (|1.8p which ensures that the solution z to 
(jl.9p is global in time. Our analysis is based on a backwards integration of the flow 
in the continuation of the works |25| , |23| , [53] . 

(i) For rj > 0, we let an initial data at time t = be 




for the explicit choice of modulation parameters: 




(1.19) 



Q v =o(t) = S(t). 




u r ,(t = Q) = Q v (0) + z*. 



We then make a decomposition of the flow 



Q n + z(t) + u v (t) 



(1.20) 
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and claim a uniform backwards control of u v all the way down to some time t = ti, 
where t\ < is independent of 77: 

IK(*)IU°°([ti,0],ifi) < !• (1-21) 

The same argument also yields a similar control on [0, |ii|], and now from a standard 
continuity argument, the solution u v is global and scatters at both infinities because 
so do S(t) and z(t). This yields both the scattering part of Theorem 11.21 and the 
continuation result of Theorem 11.31 where the chaotic phase is a direct consequence 
of the explicit formula for the phase f j 1 . 1 9 [) . 

The key is therefore the backwards control ([1.2ip . For this, we observe that the de- 
composition of (|1.20p together with the strong decoupling (jl.lOp induces an almost 
critical mass dynamics for £L. We are thus able to use the Lyapounov machinery 
exhibited in [43j in the pseudoconformal regime to control the flow backwards in 
time. 

(ii) For 77 > 0, an explicit computation shows that the solution to (jl.ip with data 

u v (T^ = Q v (Tjj) + z* at T^-^Tj 

blows up in the log log regime forward in time. Here we use the sharp open char- 
acterization of the log log set exhibited in |41| which allows one to see directly 
loglog blow up on the initial data. We now need to run backwards the control of 
this solution. The key observation is that at the time Ir, the solution is still very 
much in the pseudoconformal regime and the backwards reintegration of the flow is 
completely similar to the one of (jl.2ip . 

(iii) We now pass to the limit as 77 — > and obtain in both cases a Bourgain Wang 
type solution with regular part z* as t — > 0. It remains to show some uniqueness 
statement about this type of dynamics to ensure the continuity of the map 

r : 77 h-> u v (-l) 

at 77 = 0. This is a simple but slightly technical claim which proof relies again on 
the Lyapounov machinery exhibited in |43| . and this is the part which requires a 
high order degeneracy in ([1.10D . 

This paper is organized as follows. In section [21 we build the deformation Q v of 
the S(t) blow up profile. In section [3j we build the machinery of backwards control 
of the pseudo conformal flow. The proof of the main theorems is then concluded in 
section |H 

Acknowledgments. F.M. is supported by ANR Projet Blanc OndeNonLin. P.R 
and J.S are supported by ANR jeunes chercheurs SWAP. 

Notations: We introduce the differential operator 

Af = f + yVf (L 2 scaling). 

Let L = (L + , L-) the matrix linearized operator close to the ground state with: 

L + = -A + l-3Q 2 , L_ = -A + l-Q 2 . (1.22) 

We recall that L restricted to radial functions has a generalized nullspace charac- 
terized by the following algebraic identities: 

L_Q = 0, L+(AQ) = -2Q, L_(\y\ 2 Q) = -4AQ, L +P =\y\ 2 Q, (1.23) 



where p is the unique radial H 1 solution to 

L + p=\y\ 2 Q. (1.24) 

2. Approximate solutions 

In this section, we construct the leading order terms in the dynamics we will 
consider. The regular part will be given by z(t) solution to (|1.9p for which we 
recall some well known regularity statements, and the singular dynamics will be 
approximated by an explicit deformation of S(t). 

2.1. Regular part of the dynamic. From now on and for the rest of the paper, 
we let 

m>3 (2.1) 
be an integer and consider z* £ £/~2m+3 rac Jially symmetric with 

||z*||^2m+3 < a* (2-2) 

for some small enough universal constant a* > 0. We moreover assume the flatness 
at the origin: 

d k z* 

V0<k<2m, — r-| r =o = 0. (2.3) 
dr K 

Let z(t) be the solution to 

id t z + Az + z\z\ 2 = 0, < 24 . 
z\t=o = z* . 

then standard Cauchy theory coupled with the smoothness of the nonlinearity en- 
sures: 

Lemma 2.1 (Regularity of z). We have z G C(R, H 2m+3 ). Moreover: 

(i) z scatters ie 

\\AlA(&L%) ^ «*; (2-5) 

(ii) there holds the local in time propagation of regularity: 

IMIl°°([-i,i],h 2 ™+ 3 ) < «*; (2-6) 
(Hi) there holds the propagation of degeneracy at the origin: Vi £ [—1,1], 

\z(t,x)\<a*(\t\+\x\ 2 r+\ \d r z{t,x)\ <a*(\t\ + \x\ 2 r +1 *, \d 2 z(t,x)\ < a*(\t\+\x\ 2 ) m . 

(2.7) 

Proof of Lemma 12.11 The proof is standard and we briefly recall the main 
facts. (|2.5p follows from the global in time small data I? critical Cauchy theory, [3]. 
Next, the regularity of the cubic nonlinearity and Strichartz estimates |46j with the 
2 dimensional admissible pair (4, 4) imply: 

IMlL°°([-l,l],# 2m + 3 ) < lk*llH 2 ™+ 3 + IIM^H 4 2m+3,f, 

L3 ([— 1,1], Wa; ) 

^ * 1 1 1 1 1 1 1 1 2 

~ a + \\ z \\L^([-l,l]M m+i )" Z "L°°{[-l,i\,L») 

<^ * 1 1 1 1 1 1 1 1 2 

~ a + \\ z \\L x ([-l,l],H^ m+s )\\ z \\L^(l-l,l],Hi) 

which ensures fj2.6|) for a* small enough. Finally, (|2.3p . (|2.4p . (|2.6p and a Taylor 
expansion at (t, x) = (0, 0) on z yield (|2.7p . This concludes the proof of Lemma [2. II 

Let us also recall the openness of the set of scattering solutions which follows 
from standard Strichartz estimates again, [3]: 
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Lemma 2.2 (The set of scattering solutions is open). Let u G C([0 + oo), H 1 ) be a 
global solution to (jl.ip which scatters on the right: 

IMIl 4 ([0,+oo),L4) < +00. 

Then there exists a > such that for allvQ G H 1 with ||no — uolli 2 < a > the solution 
v to (jl.ip with initial data vq is global v G C([0 + 00), H 1 ) and scatters to the right 

IMIl 4 ([o,+oo),z4) < 

2.2. Approximate solution for the singular part of the dynamic. Let us now 

construct the full family of self similar profiles which generalizes the construction in 
[33, [29]. 

Let it be a solution to (jl.ip and let us pass to the self similar variables 



u(t, x) 



-v t 



A(t) V'Mt) 



ds 



1 



dt A 2 ' 



which leads to 



id s v + At; — v + ibAv + v \v | 2 = 0, j s = 1, 



(2.8) 



(2.9) 



Let a parameter We look for specific solutions of the form 



v(s,y) = P n {y)e 



■Mv\ 



which thus have to satisfy: 



AP V -P v + 



b s + b 2 



\y\ Pfj ^ > v\^~'v\ 



0. 



(2.10) 



We now anticipate the law b s + b 2 = —rj and build the corresponding profiles from 
standard perturbative and elliptic techniques. 

Lemma 2.3 (Existence of well localized profiles). There exists a universal constant 
rj* > and a smooth map i] — > P v G H?°, defined on {—r]*,r]*) with the following 
properties: P v is radially symmetric and real positive, and solves an equation of the 
form 



AP V - P v 



-\v\ 2 P +P 3 



(2.11) 



where is identically in the case < n < r/* , and some well localized and 
exponentially small error in the case —rf < r/ < 0: for all polynomial q(y), V/c > 0, 



d k 



<e ^ , Supper, C {—,— 



1 



Moreover, for all —rj* < rj < rj* , P„ is a smooth function of (rj,y) with 



dPr, 



1 



h=o 



(2.12) 



(2.13) 



dr, 4' 

where p is the unique H 1 radially symmetric solution to (|1.24p . and there holds the 
uniform decay estimates: 

d k 



V/c > 0, V - rj* < rj < rj* 



d k 


dPr, 




dy k 


drj 





<rje~ cM . (2.14) 



Remark 2.4. The sign rj > in (|2.1ip ensures the uniform ellipticity of the operator 

I |2 

A — 1 — independently of rj and hence the uniformity in rj of the exponential 
localization bounds (|2.14p . The profiles P v for rj < correspond to the almost self 
similar solutions build in 129] . [31] to which we refer for further details. 
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Remark 2.5. The invariant of mass and energy can be computed explicitly in the 
limit r] — > 0. Indeed, from (|1.24p . f)2 . 13|) . and standard computations: 

^{\\PJh} \v=o = -\{Q,p) = \{\y\ 2 Q^Q) = -\\\vQ\\b- ( 2 - 15 ) 

For the energy, we multiply (|2. 1 1|) by the Pohozaev multiplier AP V and conclude: 
E(P V ) = l\\vQ\\h +0(n 2 + eTv%) = ^WyQWh + o( V ). (2.16) 
Given small parameters (b, rj) we define: 



Q v ,b = P v e~ lbJ ^ , (2.17) 

which satisfies: 

AQ^ - Q n , b + ibAQ Vtb - (b 2 + rj)^L.Q %h + Q^ h \Q %h \ 2 = (2.18) 

. b\y\ 2 

where ^ Vtb = if i] > and = ^e -4 ^ - if 77 < 0. Following (f2~8l) (|2~9|) . we 
now let 

«,(*,.) = ^<W> (^jy) e'-"», (2.19) 
where the parameters solve the finite dimensional system: 

[X " ] " --br,, h v )s = l, (b v ) s + b 2 = -n (2.20) 



Ay; 



for the explicit solution given by: 



dr 



1 77 + r 2 ' 



Note that Qr? transitions smoothly from an exact global scattering profile for rj > 
to an almost self similar solution for 77 < which would formally blow up at t = 
— v/|ry[ < 0, and through the S(t) blow up solution which blows up in the conformal 
regime at t = and corresponds to 77 = 0. 



3. Backwards control of the pseudo conformal blow up 

We develop in this section some analytical tools to control the (NLS) flow near 
Q backwards in time and in the pseudo conformal regime. We will use the decou- 
pling (12 .7p to reduce ourselves to an almost critical mass setting and use the mixed 
Energy/Morawetz Lyapounov type functional exhibited in [43] . and which yields an 
increasing Lyapounov function hence suitable to integrate the flow backwards from 
the singularity. As we explained in the introduction, the backwards integration of 
the flow after respectively the scattering time for 77 > or the log-log time for 
rj < is very similar, and we deal with both cases simultaneously. The heart of our 
analysis is the following: 

Proposition 3.1 (Backwards control). Let 

m>3 (3.1) 

and z* £ ma \ m lly symmetric satisfying (12. 2p . (12. 3p for some a* > small 

enough. Let z(t) G C(R,H 2m+3 ) be the solution to ([23]). Let \r]\ < rf(a*) small 
enough and a time T v £ [—1,0] such that: 

V\v\ + \t\<\(t) for all t€ [-l,r„]. (3.2) 
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Let an arbitrary sequence 

and he the solution to (jl.ip with data at t = T^: 



u v (T v ) = Q v (T v yiv +z(T v ). 



(3.3) 



Then: 



(i) Local backwards control: there exists a time t\ < T v independent of rj such that 

3 

u n £ C([ti, T„], Hz ) and admits a decomposition of the form 

u v (t,x) = ^(Q vMt) +s) (t,-^ e^ + ^+z(t,x) 



with the uniform bounds in n: \/t £ [ti,T v ], 



\m-l 



^1 _ i 
A 



\br, - b\ |7-7r?l 



+ 



a 



(3.4) 



A m ' A m ~ 2 ' A m+1 ' A m_ 2 ~ 
where b r j,X v ,j ri are given by (I2.2ip . 

3 

(ii) Global backwards control: u„ E oo, T„), H 2) and scatters backwards: 

IKIlL 4 ((-oo,ti),z4) < 1- (3.5) 

The proof of Proposition 13.11 relies on a bootstrap argument. Indeed, from stan- 
dard modulation theor>Q and the smallness of \ V (T V ), we may consider a time 
t% < Tjj a priori depending on 77 such that \ft £ [^2 ? -^77] * 



u 



X(t) 



(QnMt) +£z + e)[t 



with 

w(t, x) 



A(t) 



A(t). 

(^*)+ e *)(*.j^)) e ' (7( ' ) " Hg) . 



10 + u 



(3.6) 

i(7(*)+7S). 
(3.7) 

The uniqueness of the decomposition f)3 . 6[) is ensured through the choice of orthog- 
onality conditions: 



1 / x 
£z t, ttt I e 



A(i) 



A(t) 



Re(e, \y\ 2 Q v ,b) = 0, Jm(e, AQ v , b ) = 0, im(e, p) = (3.8) 

where 

. b\y\ 2 „ 

p = pe 1 4 , L + p = \y\ Q. 

Moreover, (A, b, 7, e)(T^) = (A^, 6^, 7^, 0)(T^) from (|2. 19|) . f|3 . 3[) . Thus, from a 
straightforward continuity argument, we may assume that u satisfies the follow- 
ing a priori bounds: 



sup 

te[t2,T n ] 



\\ e \\m 

\m+l 



< K, sup 

te[t 2 ,T v ] 



1 



A 



m— 1 



Xy 

T 



1 



+ 



|&„-&| 



A' 



< 1, 



(3.9) 



where K is a small enough constant. We now claim the following bootstrap Lemma: 

Lemma 3.2 (Backwards bootstrap bound on e). Assume that K in (j3.9|) has been 
chosen small enough -independent of rj-. Then there exists a small time t\ < 
-independent of n- such that u satisfies on [ti,T„] the improved bound: 



1 



sup 



vm-1 



A, 



1 



Ifrq - &j 17 ~7r?l Ikllgi 

A m A m ~ 2 A m+1 



+ ^4 < v^- (3.10) 



see 1431 for further details 
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Remark 3.3. From the proof, the size of t\ is uniform as a* — > 0. 
Let us conclude the proof of Proposition 13,11 assuming Lemma 13.2 



Proof of Proposition 13.11 The local backwards control (I3.4p follows from 
(|3.10p . We now claim at t = t\ the uniform control: V|^| < r/*(a*) small enough, 



We-^nu^h) - S{t x )\\ L 2 <VcS (3.11) 

which together with Remark 13.31 Lemma [2. 21 and the observation that S(t) scatters 
as t — > — oo yields the global control (|3.5p . This concludes the proof of Proposition 
3J] provided (l3~TT|) holds. 

Now, we turn to the proof of (|3.1ip . Let 



A(ti 



A(ti 



=»(7(*l)+7°) 



Then, we have: 



< ||Q-P,|| L 2 + |6 + i| + 

< \\Q -P V \\ L 2 + |6-6„| + 



(3.12) 



+ 



7 



hi - i 



+ |7-7t;| + |6, + t| + 





- 1 






Ajj 


+ 





< 



\rj\ + v a*, 

where we used (|2.14p . (|2.2ip and (|3.10p in the last inequality. Now, the decomposi- 
tion ([32]) together with the bounds (gJD, (pTTUj) and (pJTHZj) yields: 



K(*i)e" i7 '' - S(t 



DWiP Z 



< 



\z(h)\\ L i + \\u(h)\\ L2 + \\S(h) - e-^Q^h* 

Tj\ + VQ*, 

which implies (|3.1ip for \rj\ < rj*(a*) small enough. This concludes the proof of 
Proposition 13.11 

The rest of this section is devoted to the proof of Lemma 13.21 which relies on the 
Lyapounov functional approach developed in |43j. 

3.1. Modulation equations. Let us introduced the rescaled time 

ds _ 1_ 
dt ~ A2' 

Let w be the refined profile given by (|3.7p and W its renormalized version: 

1 w { t 'Jttj) el{l(t)+1 ° v) ' w ^y) = QvMs)(y) + ^vl^) 



w(t,x) = Q + 



X(t 



Q 



:Qri,b t 



\(ty v '° V x(t)J ' x(t) 

From Lemma 12.31 and (I2.6p . we have the bound: 



1 e z {t, — \ 



X(t) 



|w||x,2 < 1, ||Vio|| Z 2 < 



A 



\w\\ 3 < 



Moreover, w satisfies the equation 



idtw + Aw + wlwl 2 = ij) = -—r^ ( t, - — 

A d V A(t) 



x-i 



fL 1 ^(7(i)+7^) 



(3.14) 



(3.15) 
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* = + bj AQ Vib + i(6 s + b 2 + »7)|y| 2 g„,6 - 7»Qto - *„,6 + R, (3.16) 

-R = (Qt?,6 + £z)\Qb,ri + £z\ 2 — Qrj,b\Q V ,b\ 2 ~ £z\£z\ 2 , (3-17) 

and where 7 a = 7« — 1. We then decompose u = iu + tt so that u satisfies: 

+ Au + (\u\ 2 u- \w\ 2 w) = -if). (3.18) 
We rewrite the interaction term as: 

\ u ? u _ \ w ? w = _L ^iq^i 2 + g 2 ^ + m] L J!L\ jMW) 



with 

R(e) = 2 (|VF| 2 - \Q v , b \ 2 ) e+(W 2 - Q 2 fe ) e + (2W|e| 2 + We 2 + e\e\ 2 ) . (3.19) 
We then decompose 

Q njb = T, + i@, £ = £l +ie 2 , R(e) = Ri(e) + iR 2 (e), R = Ri + iR 2 
in terms of real and imaginary part and obtain the equation satisfied by e: 

^ s • > ' ' " * 1 " '2 i „M„.|2, 



9,e 1 -M 2 (e) + 6Ae 1 = I y + 6 1 (AS + Aei) - -(b s + b l + v )\y\*Q + %(& + e 2 ) 
+ Im(* V!b )-R 2 -R 2 (e), (3.20) 



9,e 2 + Mi(e) + 6A£ 2 = ly + fej (AG + Ae 2 ) + -(b s + b z + n)\y\ z ^ - 7s (S + £l ) 

- Re(9 v jb) + Ri + Ri(e), (3.21) 

where (Mi,M 2 ) are small deformations of the linearized operators (L + ,L_) close 
to Q: 

Mi(e) = -Ae 1 +e 1 -(3S 2 +e 2 )ei-2SGe 2 , Af 2 (e) = -Ae 2 +e 2 -(3G 2 +S 2 )e 2 +2SGei. 

We now claim the following preliminary estimates on the decomposition which are 
a consequence of the orthogonality conditions (|3.8p : 

Lemma 3.4 (Preliminary estimates on the decomposition), (i) Degeneracy of the 
unstable direction: there holds 

\(ei,Q)\ < a*X m+1 +KX m+2 . (3.22) 

(ii) Modulation equations: Let 

Modify = (b s + b 2 + rj, y + b, % 

then 

\Mod{t)\ < a*X m+1 + KX m+2 , (3.23) 

and 

<a*X rn+2 + KX m+2 . (3.24) 



As , 



Proof of Lemma 13.41 



We compute the modulation equations by taking the inner product of (|3.20p , 
(|3.2ip with the well localized in space directions corresponding to the orthogonality 
conditions (13.81). 
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step 1 Inner products. 

We compute the inner products needed to obtain (|3.22p . (|3.23p . and (|3.24p . This 
computation has been made in |43| near P^o = Q and the same computation is 
valid up to 0(r/||e||£,2) terms, and leads to: 

(-M 2 (e) + 6Aei,E) + {M x {e) + bAe 2 , Q) = 0(A 2 ||e|| L2 ), (3.25) 

- (-M 2 (e) + be u AG) + {M x [e) + bAe 2 , AS) = -2»(e, Q~b) + 0(A 2 ||e|| L2 ), (3.26) 

(-M 2 (e) + 6Aei, |y| 2 S) + (Mi(e) + 6Ae 2 , |y| 2 9) = 0(A 2 ||e|| L2 ), (3.27) 

- (-M 2 (e) + &Aei > ^) + (M 1 (e) + &A£ 2 ,pi) = 0(A 2 ||e|| L 2), (3.28) 
where p = p\ + ip 2 , and where we used \r]\ + 6 2 < A 2 from (|3.2p (|3.9|) . 

step 2 Control of fi. i?(e) and ^.j,. 

Note first that fl22J) yields: 

IMia <a*, ||Ve 2 || L2 <a*A. (3.29) 

Furthermore, (|2.7p yields: 

||e,e-l»l || L2 + ||e z e-^l || ioo < a*A m + 2 . (3.30) 

Thus, the terms involving R given by (|3,17p are estimated using (|3,29p and f|3.30[) : 

\\R\\l* < a*X m+2 . (3.31) 

The terms involving R(e) are easily estimated using Sobolev, (|3.29p . (|3,30p and the 
bootstrap bounds (I3.9P : 

J \R(e)\e-M < \\e z e^ || £oo \\e\\ L 2 + \\e\\ 2 L 2 + \\e\\ 3 Hl < KX m+ \ (3.32) 

Eventually, from (I2T2D and (|3T2l) : 

11^,611^ <e~^ <«*A m+2 , (3.33) 
for \r}\ < Tj(a*) small enough. 

step 3 The law of b. 

We take the inner product of the equation (|3,20p of E\ with — A0 and we sum it 
with the inner product of equation (|3.2ip of e 2 with AS. We obtain after integrating 
by parts: 

\b s + b 2 + v \ < \R(e,Q^ b )\ + X 2 \\e\\ L 2 + \Mod(t)\\\e\\ L 2 + (KX + a*)X m+2 (3.34) 

where we used the second orthogonality condition in (j3.8[) . the computation of the 
inner product (l3~26l) . and (l3~3ll - (l3T33] l. 

step 4 The law of A. 

We take the inner product of the equation (|3.2U|) of £\ with |y| 2 S and we sum 
it with the inner product of equation (|3.2ip of e 2 with |y| 2 ©. We obtain after 
integrating by parts: 

<X 2 \\e\\ L 2 + \Mod(t)\\\e\\ L 2 + (KX + a*)X m+2 , (3.35) 



hi 
X 
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where we used the first orthogonality condition in (|3.8p . the computation of the 
inner product ([3~2?D . and ([3~3il - fl3T33]) . 

step 5 The law of 7. 

We take the inner product of the equation (|3.20p of e± with P2 and we sum it with 
the inner product of equation (|3.2ip of £2 with —p\. We obtain after integrating by 
parts: 

|7*| £ \b s + b 2 + i 1 \+\ 2 \\e\\ L 2 + \Mod{t)\\\e\\ L 2 + {K\ + a*)\ m+2 (3.36) 

where we used the third orthogonality condition in ([3.8p . the computation of the 
inner product (l3~28l) . and (l3~3TT) - (l3T33] l. 
In view of (|3.34p - (|3.36p . we obtain: 



<X 2 \\e\\ L2 + (KX + a*)X m+2 , (3.37) 



and 

\b 8 + b 2 + V \ + \%\ < \U(s, Q~b)\ + X 2 \\e\\ L 2 + (KX + a*)X m+2 . (3.38) 
Furthermore, we have: 



\^,Q v ,b)\ < l(ei,Q)l + (H + l&l)NI^ (3-39) 
< \( £l ,Q)\+KX m + 2 , 

where we used ([2H|> . (|2TTT|) . and the fact that \q\ + \b\ < A from (|3^|) . (j2~2Tj) . 
The estimates (|3.23f> and (|3.24p then follow from the bootstrap bound (|3.9p . (|3,37p . 
H3BD , (I3~39l) . and the degeneracy (|3~22|) . 

step 6 Proof of the degeneracy (|3.22D . 

We take the inner product of the equation (|3.20p of £\ with £ and we sum it with 
the inner product of equation (|3,2ip of £2 with 0. We obtain after integrating by 
parts: 



(Re(e, Q v>b )) 



< X 2 \\e\\ L 2 + \Mod(t)\\\e\\ L 2 + (KX + a*)X m+2 (3.40) 

< (KX + a*)X m+2 (3.41) 



where we used the computation of the inner product (|3,25p . f|3.31[) - (|3.33f> . and the 
bootstrap bound fl3j|. Now from fl3Jl, (|2T2T]l : 

1*1 + \b\ < A(t), 

which yields: > 0, 

T "(A(r))^r < f T \x,{r)Ydr < \t\(X ri (t)T < (A(i)f +1 . (3.42) 



Thus the time integration from t to T,, of (|3.4Up yields: 

\Re(e,Q^ b )(t)\ < J" [K(X(r)) m+1 + a*(X(r)) m ] dr < KX(t) m+2 + a*X(t) m +\ 
which together with (|3.39p concludes the proof of f|3.22j) and of Lemma 13.41 
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3.2. Mixed energy /Morawetz Lyapounov functional. We first rewrite the a 
priori bound fj3.9|) as follows: 

||Vn|| L 2 < KX m , \\u\\ L 2 < K\ m+1 . (3.43) 

We will also use the a priori bounds from (|3.9p . (|2.2ip and f|3 . 2[) : 

V + b 2 <\ 2 . (3.44) 

We let A > be a large enough constant which will be chosen later and let 
4> : M 2 — > K be a smooth radially symmetric cut off function with 



Let 



F(u) = ^\u\ A , f(u) = u\u\ 2 so that F'(u) ■ h = Re(f(u)h). 



We claim the following generalized energy estimate on the linearized flow (|3.18p : 

Lemma 3.5 (Algebraic generalized energy/Morawetz estimate). Let u = w + u 
where w satisfies the bound (|3.14j) . and u satisfies f|3. 18j) and the a priori bound 

l|Vn|| L2 <A, ||n|| L 2<A 2 . (3.46) 

Let b, A satisfying the bounds (|3.44j) and 

\Mod(t)\ < A 2 . (3.47) 



Let 



Z(u) = \ [ | Vu| 2 + \ [ ^ - / [F(w + u) - F(w) - F'(w) • u) 



2 J 1 2 7 A 2 

+ |^9f ( / AV^ (-^) - V*>7> J , CUS) 



J'Cfi) = -^9 ^ / u>V ) - K ( / Wi(2|n| 2 w + u 2 u7) ) (3. 1-0) 



A 2 17 A 2 \J \A\J v ' 7 4A 2 V7 V^4A/ A 2 
+ -^K ^4V</> (-^r) (2|tt| 2 u; + tt 2 HJ) • Vu>^ , 

£(u) = 3f|y Aij}- ^ + (2\w\ 2 ^-w 2 lp) + ijAV<P^^j -Vi/j 



u \ , (3.50) 



then there holds: 

jl(u) = J{u) + C(u) + O (\ 2 U\\ 2 L i + ^ + \\uf H ?j . (3.51) 

Remark 3.6. The virtue of (|3.5ip is to keep track of the quadratic terms I(u), <J(u) 
which will turn out to involve to leading order the coercive quadratic form of the 
linearized energy near Q given by (Lu, u), and of the leading order linear term C{u) 
involving the error tfi. 
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Proof of Lemma 13.51 This Lemma is very similar to Lemma 3.3 in |43J and we 
briefly recall the proof for the reader's convenience. 

step 1 Algebraic derivation of the energetic part. 

We compute from (|3.18p : 

j t [lj |V«| 2 + \J ^ - J [(F(u) - F(w) - F'iw) ■ fi)] } (3.52) 
= -ft Uu, Au-^u + (/(n) - f(w))\ - ^ [ \u\ 2 



K (d t w, (f(u + w)-f(w)-f'(w)-u) 
9 U, Au-^u + (/(«) - f(w)) \ - ^ ((/(«) - f(w)),u) 
u\ 2 -M (d t w, {f(u + w)- f(w) - f'(w) ■ u)) 



At 
A 3 



9 ( ip, Att — -^u + (2\w\ 2 u + uw 2 ) J — ^ 



o / -2 2 



— y |u| 2 — 3? (Ira 2 + 2ui|u| 2 ) 

+ ^ (i> - ^u, (f(w + u) - f(w) - f'(w) ■ u) \ - SR (c\w, -u|u| 2 ) 

where we used that f'{w) ■ u = 2\w\ 2 u + it; 2 ?/. We first estimate from (|3.47p : 



A t f... 2 b 
A 3 / = F 



_JL(^_ f /) ||,i|| 2 2 = A / \^ + o 



A 4 \ A 



A 1 



n II 2 



u 



L 2 



A 2 



(3.53) 



It remains to estimate the last line in the RHS (|3.52p . For the quadratic and higher 
terms, we estimate using the a priori bounds (|3,14p . (|3.46p : 



3? ( ip - -^u, {f(w + u) - f(w) - f'(w) ■ u) 



9 ( ij) — ^2^) {u 2 w + 2\u\ 2 w + \u\ 2 u] 



< 



l2(r2)INIl6(IMIl 6 + INU 6 ) + 



(1 + IMIi 2 ; ||~||S 



A 2 



< >> 2 \M\h + \mh- 



(3.54) 



For the cubic term hitting wt, we replace w% using (|3.15p . integrate by parts and 
use ([SJID , d£M]) to estimate: 



Wt \u\*u 



< 



W\\ H 3/2\\\U\ U|| H 1/2 (]K 2) + 



w\ 



IP 



\u\\l 6 + \\rP\\ L2 



7~/ll 3 



< 

~ \3/2 



I ~||l/2|i ~ 1 1 5/2 



„~.I|2 



£2 IMI^i + ^INfl-ilMlL* + ll^ll^a II^Hj/i ||^||z,2 



< A2 „.M.a , ,,.-.1.2 



L 2 



+ M 



iT 1 ' 



(3.55) 
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Injecting (I3.53p . (|3.54p . f|3.55[) into (|3.52p yields the preliminary computation: 



1 f \u\ 2 



A 2 



A 2 



xS ! / w 2 u 2 



sft 



(F(u) - F(w) - F'{w) ■ u) 
b 



(3.56) 



wt(2\u\ 2 w + v?w) + 



u\ 2 



A 2 / A 



+ 9 



A^--^ + (2H^-«)>) 
A z 



- o[\ 2 u\\l 2 + 



u 



L 2 

T I »| „J 



step 2 Algebraic derivation of the localized virial part. 
Let 



V4>(t,x) = ^AV<P^ 



then 



ld_ (b_ 
2di \ A 
1 



AV(j) 



x 

AX 



(3.57) 



9 / d t V<j) ■ Vuu + 5ft id t u 



1 



-A4>u + V0 • Vu 



We estimate in brute force using (f3~4"5|) . (f3~i7]) . (f3~44|) : 



.4 



from which: 



A \\u\\in 
< T ll^llL 2 ||Vn|| L2 <^ 



~ 1 1 2 



(3.58) 



The second term in (|3,57p corresponds to the localized Morawetz multiplier, and we 
get from ()3.18p and the classical Pohozaev integration by parts formula: 



b_ 

A 2 



idtu 
V 



-A(j)u + V<j)-Vu 



(3.59) 



Hi,) 



(Vtt, Vtt) 



1 6 



4,4 2 A 4 



x — a 
AX 



1 6 



■u| u — |w| w) • Vtt ] — - -^-K ( / A</> ( -jy ) (|u| u — \w\ w)u 



x 



AX 



X 



AV(f> 



—) 

AX J 



\ 1 6 



J 2 A 2 ' 



5ft / 



AA 



We now expand the nonlinear terms and estimate the cubic and higher terms: 



-sft 



AVcf) 



AX 



(2\u\ 2 w + u 2 w + |n| 2 tt) • Vu 
I^ft^A^) (2\u\ 2 w + u 2 w + \u\ 2 

" J lli6(R2))||Vtt|| I ,2( R 2 ) + v(||«||i4( R 2) + \\U^ 



u)u 



< riiuii? 



| ~ 1 1 2 



+ ||u" 2 



< 



ix 2 



A 2 



+ u 



|2 

Ih 1 



(3.60) 
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where we have used (|3.46p and (|3.14p . The remaining quadratic terms in (|3.59p are 
integrated by parts: 



-U ( / AVcj) 



AX 



if) ■ Vn 



3 



and 



/ [4" v * (£) ■ v * + ^ (tt) *] ") ■ < 3 - 61 > 



~3R (J AV4> (2|u>| 2 u + w 2 u) ■ Vi 



1 b 
2 
b 



0A2 -»(/ ^(^) (2\w\ 2 u + w 2 u)u 



X 



K ( / AV(p ( (2\u\ 2 w + u 2 ul) • Vw 



x 

~AX) 



(3.62) 



Injecting (|3.60p . ()3.6ip . (I3.62p into (|3.59|) yields after a further integration by parts: 
sft f [ id t u 



A(f)u + V</> ■ Vu 



1 b 



+ -^K ^ (^) (2|w| 2 ^ + ii 2 ^) • \7w 

+ 9 (/[4 AV *(xf)- v * +4 ^(xf)* 



u +0 



,~.ll2 



We now inject this together with (|3.58|) into ()3.57p which together with (|3.56p con- 
cludes the proof of (|3.5ip . 



3.3. Proof of the bootstrap Lemma 13.21 We are now in position to close the 
bootstrap estimates (|3.10p as a consequence of the Lyapounov control of Lemma f3. 51 

step 1 Coercitivity of T. 

We first claim the coercitivity of X{u) given by (|3.48p : 



(3.63) 



l(u) > c (j|Vu|| 2 2 + ^\\u\\ 2 L2 ^ + O ((K 2 X 2 + a*)X 2m ) 
for some universal constant cq > 0. Indeed, we first renormalize: 
T{u) = ^ {/ l Ve l 2 + / \ £ \ 2 - 2 / i F (Qv,b + e z + e)- F(Q v , b + e z ) - F'(Q„, 6 + 



+ 69 ( / AVcj) ( -J ) Vee 
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We then estimate by homogeneity: 

2 J [F(Q Vtb + e z + e)- F(Q Vtb + e z ) - F'(Q^ b + e z ) ■ e] 

= J [Re(e 2 W 2 ) + 2|e| 2 |Ty| 2 ] + OU \W\\e\ 3 + |e| 4 ^ 

= 3 J e 2 Q 2 + j e 2 Q 2 + O ((|r?| + |6| + IM"^ || i2 + ||e 

= 2, f e\Q 2 + J elQ 2 + 0((\ + a*)\\e\\ 2 H i) 

where we used the proximity of Q bri to Q given by (|2.14p (|2.17p . the bound (|3.44j) 
for r] and 6, the a priori bound fj3.9j) for e, and the estimates (|3.29p f|3.30j) for e z . 
We thus obtain: 

T{u) >^{{L + e l ,e l ) + {L^e 2 ) + 0((\ + a*)\\e\\ 2 m )}. (3.64) 

We now recall the following coercivity property of the linearized energy which is a 
well known consequence of the variational characterization of Q: 

Lemma 3.7 (Coercivity of the linearized energy, |49] . [28], |31|). There holds for 
some universal constant cq > ; Ve G H 1 radially symmetric, 

(L + ei,ei) + (L_s 2 ,e 2 ) > c ||e||^i (3.65) 

- -{(ei,Q) 2 + (eiAy\ 2 Q) 2 + (e 2 ,p) 2 }. 
co 

The a priori bound (|3.9p and the degeneracy (|3.22|) imply: 

(e u Q) 2 < ({KX + a*)A m+1 ) 2 < (K 2 X 2 + a*)X 2m+2 . (3.66) 

Injecting the choice of orthogonality conditions (|3.8p and (|3.66p into ()3.65p and then 
into (|3.64p now yields (|3.63p for a* small enough. 

step 2 Coercitivity of J{u) 

Let J{u) be given by (|3.49p . we claim: 

J(u) > (J |Ve| 2 e~$ + J \e\ 2 ^j + O ((K 2 X + a*)X 2m - 1 ) (3.67) 

for some universal constant c > 0. Recall the decomposition (|3.13p . we first claim: 

I u I 



J(u) = Mu) + O ( A^j^- + \\u\\ 2 Hl ) CU 



with 



Ji{u) = ~j^(J Q 2 u^j -® (J Qt{2\u\ 2 Q + ^Q)^j (3.69) 



+ Xft^J AV<f>(J^j (2\u\ 2 Q + u 2 Q)- VQ^j 
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Indeed, we expand w = Q + z and estimate the remaining terms using (|2.6p . (j2.7p 
([3~14l) and ([3^301 . We obtain: 

||£i||2 



1 

A 2 



1 



/ ^(2| 



u| 2 u> + u 2 w) 



+ 



d t Q(2\u\ 2 z + u 2 z) 



< 



I ~ 1 1 2 



— lk^- c M|UIUlll 2 < 1™ 4- ll«l|2 



A 2 



+ u 



H 1 ' 



6 2 



.4, 



,~,I|2 



-^A / |«Hz||V*| < T ||fi 



~ II 2 
lL 2 



< 



U 



• L 2 



A 2 ' 



and 



(/ f^L) f(2|u| 2 Q + u 2 Q) • Vz + (2|ii| 2 z + u 2 z) ■ Vw 



\AXJ 



1 1 ~ 1 1 2 / 1 ri , || V7 l|2 | || 1 1 2 1 1 



< ylHIis ( x [i + llv^Hioo + \\z\\U + -\\ eg e-w\\ L ~\<A a2 

and (T3T68T) follows. 

We now expand the d t Q term from ([515]) . (JHTTT]) . (pTH]) : 

' | Af od(t) | +6 2 + r? _, 



L 2 



Qt 



which yields: 



x 2 + x 2 ) Q+ xx- VQ + 



A3 



A 2 A 2 



AA 



- » / Q t (2|ii| 2 Q + n 2 Q) 



A 2 ~ 



9 ( / Q{2\u\ 2 Q + u 2 Q) J - ^« ( / (2|«rQ + w Q)Q 



A 



x 



-K / -(2|n| 2 Q + u 2 Q)-VQ +0 -||Q|MNIl 2 



A 



3f / Q(2|n| 2 Q + S 2 Q) - -^3? / ( 2 |£| 2 Q + u 2 Q)Q 



A 



3? 



{2\u\ 2 Q + u 2 Q) ■ VQ +0 



~ 1 1 2 



II 



L 2 



X 2 



We inject this estimate into (|3.69p and write the result in renormalized variables: 



(3.70) 



y [(3S 2 + G> 2 + 4S6e l£2 + (S 2 + 39 2 )e 2 ] - J A 2 <p (| 



+ sft ( / ( ( ^ ) - y ) (2|e| 2 Q r? , b + e'Q v , b ) ■ VQ Vjb ) )}+0 



u 



L 2 



X 2 



From the proximity of Q^^ to Q and the control of the full L 2 norm, the above 
quadratic form is for A large enough a small deformation of the localized in A 
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linearized energy, and hence (|3.65p , (|3.66p and our choice of orthogonality conditions 
ensure for A large enough: 



J(u) > 



c b 



IeJ 



\Ve\ 2 e vC4 + / | e 



+ 0[ (K 2 X 2 + a*)X 2m - L +A 



\u\ 



X 2 



L2 4- ll7~,H 2 



2 A 4 ^ 

> O ((if 2 A + Q*)A 2m_1 ) 
where we used (|3.9p in the last step. This concludes the proof of (|3.6T[) . 

step 3 Control of C(u). 

We now turn to the control of the leading order linear term C(u) given by (|3.50p 
and we claim: 

\C(u)\ < (\K 2 + a*K)\ 2m -\ 
We first derive from (fHTTC]) . (|3~T7|) . (JH750|) and (f3T2"3"|) the rough bound: 

|*| < \Mod{t)\e~ c \y\ + 1*^1 + \R\ < (K\ + a*)\ m+1 e- c ^. 
Together with (|3.30p and (j3.9|) . this yields the bound: 



(3.71) 
(3.72) 



(N 2 + IQIN)MN<^4 



(\e z \ 2 + \e z \e- c M)\ne\ 



< ^4lk,e-*l|| L o (l + ||e z e- c ^|| L o C )A m+1 || £ || L2 <a*KX 



and thus 
with 

Cj{u) 



£{u) = d(u) + C 2 (u) + O ({K X + a*)X 



*\ \ 2m— IN 



A. - ^ + (2\Q\% - Q 2 ^) + 4^V0 f — ^ • 



6 

A" 



(3.73) 



where according to (|3.16D : 



We start with the second term. We estimate in brute force using (|3,3ip f|3.33[> : 

\\H\L*<^(\\%A\L* + \\m L *)<a*\ m . 

Now, note that (j2.7|) yields the following analog of fj3 . 30|> : 

||V^e-*l|| L2 <a*A m+ §, 
which together with ([2~T2]) . (pOO]) yields: 



1 



, * \ m— 1 



IIV^I^ < ^(||V^|| L2 + \\e z e- c M\\ L 2 + ||Ve,e- c ^|| i2 ) < a*A 

These estimates for ip2 and together with (I3.44p and the a priori bound (13.431) 
immediately imply: 



< 



l|V^2||L2||Vn|| L2 + 



h\\L*\mL* +^ll V V ; 2||L2||tt|| L2 + -^||^2||l2|N|l2 



< Ka*\ 



* \ 2m— 1 
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We now compute C\{u) from the explicit formula f|3. 16[) and observe that the cor- 
responding terms lie up to 0(A 2 ) in the general null space of L, and hence a factor 
A is gained. In other words, we compute after renormalization: 

\Mod(t)\ 



< 



A 4 



1 

+ F 



[|(e 2 ,L_(|y| 2 Q))| + |( e2 ,L_Q)|+0(A||e|| L2 )] 
[|(e 1 ,L + (AQ))|+0(A|| £ || L2 )] 



\m+2 i 

< K—^— [KX + a*] X m+1 + ^ K + «*)A m+2 (^A + a*)X 



*\ \m+l 



< (XK 2 + a*K)X 2m ~ 1 (3.74) 

where we used the algebraic identities (jl.23p . the bounds (|3.66p . (|3,23p . (|3,24p . the 
orthogonality conditions (|3.8p . and the a priori bound (|3.9p . This concludes the 
proof of fj57fT]> . 



step 4 Control of u. 

We derive from (I3.72p the rough bound: 



L* = ^\m\v <{KX + a*)X 



*\ \m—l 



(3.75) 



We inject the bounds (|574"3"j) . (^67) . ([3~TT]) and ([3775]) into ([3~5T|) and obtain the 
Lyapounov control: 

—1 > -{K 2 X + a* + a*K)X 2m -\ 
at 

We integrate this from t to and use the coercitivity bound (|3.63p and (I3.42|) to 
conclude: 



|Vu 



L 2 



+ 



L 2 



< {K'X{tf + a*)X{t) 2m + I [K 2 X{T) + a* +a*K]X(r 



A 2 



\2m-l 



< 



K 2 

- + 0(a' 



(A(t)) 



2/H 



provided is sufficiently small. Hence 

K 2 



K 2 <— + 0{a*) and thus K < V^*. 
step 5 Integration of the law for the parameters. 



(3.76) 



(It 



The control of the parameters now follows by reintegrating the modulation equa- 
tions. Indeed, from fl3~2"3]) . (pT76]) : 



+ b 2 +7]) 



\/b 2 +ri ( X 



X 

m+l 



+ b 



= p=(6 s + ^ + 77) + 0(Va*A£ 

Ki^b 2 n +ri 

We integrate this bound from t to and recall from (|2.21|) that 



0(Va* A™()3.77) 
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Hence: 



l + 0(Va*\ m ) + 
1 + 0{\fa*\™~ 1 ). 



a*(\ ri (T)) m ~ 2 dT 



X(t) 
(ETTKI) implies: 

b 2 + V = \ 2 + 0(V^\™ +1 ), 
which together with (|3.23p yields: 

b s + \ 2 = 0(V^\™ +1 ) ie bt + 1 = 0(V^\™- 1 ). 
We integrate from t to T v using b(T v ) + T v = b v (T v ) + T v = and thus: 



(3.78) 



b(t) + t = b(t) - b v (t) 



a*0{\™- 1 ) = 0(Va*A™) 



(3.79) 



Next, we compare A with A^. In view of (|3.78p . we have: 



A = Vb 2 + V + 0(V^A™) = A„ + V& 2 + - + rj + 0(\/^A™ 
= A r , + 0(|6-6^| +^A^), 
where we used (|2.2ip . Together with (|3,79p . this yields: 



A = A^ + 0(\/a*A™) and thus 



Ar. 



m—l 



We finally compute the phase using (|3.23p . (|3,9p and fj3 . T6|> : 



* \ m+l 



and thus 



d. 



1 1 

A^" A| 



+ v / ^*A m - 1 < v^*A 



* \m— 3 



which after integration in time yields: 

17-7,1 < V*\ m - 2 - 
Hence, we have obtained the following estimate for the parameters: 



1 



A 



m— 1 



A?j 

T 



1 



m - frj |7 - 7,1 



A' 



A 



m-2 



< 



(3.80) 



step 6 control. 



It remains to prove the Hz bound on [ti,T^]: 

INI 3 < v^*A m -i. (3.81) 

II ll^ 2 ~ V ) 

In view of (|3.18p . u satisfies: 

id t u + Au = -ijj-Fx -F 2 , (3.82) 
where ip is defined by (|3.15p (j3. 16j) . F\ is given by: 

Fx = 2\Q\ 2 u + Q 2 u, 

F2 is given by: 

F2 = \u\ 2 u — \w\ 2 w — F\, 
and where w has been defined in (|3.13p . Hence, from standard Strichartz bounds 
and the smoothing effect of the linear Schrodinger flow, there holds: 

+ ||(l + M 2 )F 1 || i 2 m + ||vlF 2 || 4 ,. (3.83) 



3 3 

|V5«|| Lf » , L 2 < || V3'. 



[*,T„] 



L ft,T„] iTJ 
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In view of the definition of ip f|3. 15j) f|3. 16[) and R (|3.17p . we have: 
l|V§V;|l L§ ~ ^(\Mod(t)\ + \\^ v , b \\ Li +||vf^|| L 4 

< ^ (^A m+1 + lle-^'^IUcc + \\e- c ^V 2 e z \\ L o 

where we used (|2.12p (|3.23p (|3.76p in the last inequality. Now, in view of (|2.7p . we 

have: 

II „— c|vl_ II i || „— c\y\ \-t2 _ || <<■ „*\m+2 

which in turn yields: 

I|VM| L | <v^A m - 2 . 

Thus: 

IIVIVII 4 4 < v^A m -f. (3.84) 

L [t,T„] LT? 

The F\ term is local in y, hence from the a priori bound (|3.43p and (|3.76p . we 
obtain: 

||(1 + M 2 )Fill/P < ^Hl» + < V^A™" 2 , 

and thus: 

IKl + N^IU «<^A™-I. (3.85) 

The -F2 term is estimated from Sobolev embeddings and standard product estimates 
in Besov spaces: 

||viF 2 || L 4 < ||vl{t|| i2 (||Q||. C 4||2||i/x 3 + ||z||| 8 + IkllislluHis + ||tt||| 8 ) 

+ NUKII V ^IMMIl 8 + HQlUallV^llia + ||viz|| i2 ||z|| L 8 

3 

+ ||V2W|| L 2 1 1 1 1 _£,8 ) 

< \/a*A"^||V5u|| L 2 +a*A m "t, 

where we used in the last inequality the a priori bound given by (|3.43p and (13.761) 
for u and the estimate (12.611 for z. In turn we obtain: 



II Vt^sll 4 4 < v^A^llvtullroo L 2+a*X m ~^. 

Injecting this together with (l3~8l) . (l3~85l) into (l3~83l) yields: 

l|V5ti|| Lf; . L 2 < V^\*\\vh\\ L c° L 2 + vo*A m ~i 
and (I3~8TD follows. 

This concludes the proof (|3.10p and of the bootstrap Lemma I3~ 



4. Instability of Bourgain Wang solutions 

We are now in position to prove the main results of the paper which proof we 
split in several propositions. In the whole section, we let 

m > 7 (4.1) 

and let 

z* E H 2m+3 n £ (4.2) 

radially symmetric satisfy (|2.2p . (|2.3p with a*, \rj\ < rj*(a*) small enough so that 
Proposition [34] holds. We let z(t) G C(R_, H 2m + 3 n S) be the solution to flSlJ. 
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We claim that the conclusions of Theorem 11.21 and Theorem 11,31 hold for this class 
of profiles. 

4.1. Limit as r] — > 0. We first claim that constructed by Proposition [34] con- 
verges strongly as r/ — > on (— oo,0) to a Bourgain Wang solution with profile 

z*. 

Lemma 4.1 (Limit as n — > 0). Let a sequence 

Tfj < 0, T v -> (4.3) 

such that (|3.2p holds. Let 6 C((— oo, IJJ, 2 n E) be the solution to t|3.2() con- 
structed in Proposition \S.l\ Let t\ < &e £/ie corresponding tim^ of local backwards 
control. Assume that the phase shift satisfies: 

e i7 ° e ie as 77 -»• 0. (4.4) 

T/ien up to a subsequence, 

Vt < 0, u„(t) —7- "U c (i) in E 

3 

where u c £ C((— 00, 0), 2 nE) is a solution to (jl.ip which scatters to the left and 
satisfies the local control: Vt G [ii,0), 

|K(i) - 5(t)e ie - z(t)|| i2 < Vc7\t\ m - 2 , \\u c (t) - S(t)e w - z(t)\\ Hl < Vc7\t\ m -\ 

(4.5) 

Remark 4.2. For rj > and = 0, ((372]) Was /rom (p72Tj) . Lemma \J1\ thus 
yields automatically the existence of a Bourgain solution in the limit rj — > of the 
solution u. n constructed in Proposition ^. 1\ with 7^ = 0, and the obtained solution u c 
is automatically unstable by scattering. A careful track of constants shows that the 
whole construction requires m > 1 only and hence a substantial gain on the regularity 
and more importantly degeneracy in (|2.3p with respect to the initial Bourgain Wang 
analysis [2J. The large m assumption (|4.1|) is needed first to get uniform bounds on 
the phase in (|3,4|l Fl and more importantly to prove some uniqueness statement about 
u c , see Proposition ^.^ below. 

Proof of Lemma 14.11 



step 1 E compactness. 



We first claim that u„(tx) is compact in £ as r] — > 0. Using Proposition 13.11 and 
in particular f)3.4|) . we have the bound: 



Mti)\\ Hi < 1, 



(4.6) 



which shows that (n r? (ti))o<r)<rj* is compact in £(r < R) as rj — > for all R > 0. The 
£ compactness of u„(ti) is now a consequence of a standard localization procedure. 
Indeed, let a cut off function x{ x ) = for \x\ < 1 and x( x ) = 1 f° r \ x \ ^ 2, then 



~ R' 



J XR Q|v«„| 2 -|K| 



Lm (^j Vxr ■ Vu v )u v ^j 
Lm Vxr ■ Vn jy (Au ry + u v \u v \ 



~ R 



^independent of y from Proposition 13.1 
^where m > 2 is needed 
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where we used (|3.4p and (|2.6p . Integrating this backwards from to ti and using 
(1331) yields: 

lim sup IK(ti)||iri(r>ii) = °- ( 4 - 7 ) 

i?^+oo 0<77<?7* 

Let now ip(x) = for \x\ < 1 and ip(x) = \x\ 2 for \x\ > 2, and iPr(x) = R 2 tp(j^), 
I^'rI 2 ~ i^R with constant independent of R. Then the decomposition (|3,13p and 
the bound (|4.7p ensure: 

1 

2 



It I 



^ \\ W \\l(r>R) + H^IIl^O-/?) + II Wfl)«||ia 

< o(l) + y ^fllu^l 2 where o(l) -> as R -> 0. 

Integrating this from ti to with Gronwall lemma and using (|3,3p yields: 

lim sup ||xt^(ti)||z^(|a!|>Ji) = 0, 

R-^+oo o <v<v * 

which together with (|4,7p and the E(r < i?) compactness of (u v (ti))o <v<ri * provided 
by (|4.6p implies up to a subsequence: 

u v (ti) — > u c (ti) in E as 77 — >• 0. 

step 2 The limit u c is a Bourgain Wang solution blowing up at T = 0. 

Let then u c £ C([ii,T c ),E) be the solution to with initial data u c (ti), then 
the E continuity of the flow ensures: Vi € [ii, min(T c , 0)), 

— > u c (t) in E. 

Let (A(t), 7(t), e(t)) be the geometrical decomposition (|3.6p associated to 
where we have dropped for consistency the 77 dependance, then u c admits on [t\, min(T c 
a geometrical decomposition of the form 



1 , fx 
-(vo,Mt) + ( *> 



Ac(t) 



e *re® e iB + Zt 



c X c (t) 

with: Vi £ [t\, min(T c , 0)), 

A(i)^A c (i), &(t)-»6 c (t), 7(*)-»7 c (*), e(t) -►£<•(*) in S 

as ») —7- 0, see [30] for related statements. By passing to the limit in (|3.4p and 
using the explicit formula (|1.19p and the convergence (|4.4p . we obtain the bounds: 
Vt E [ti,min(T c ,0)), 



|6 c + t| + I A c - |t|| < Va*\t\ 



7c + 



1 



< \/a*ltl m ~ 2 



IIMtfi < V^ltr 1 " 1 , Ikdl^a <^\t\ m -*. 

3 

This yields that u c E C([ti,0), n E) and blows up at T c = with 
|Mi) - ,S(t)e i9 - z(t)|| L2 < V^\t\ m ~ 2 , \\u c (t) ~ S(t)e ie - z{t)\\ m < V^\t\ m ~ 3 , 

and (|4.5p is proved. Now u c is global to the left and scatters for a* small enough 
from (|4.5p and Lemma 12.21 This concludes the proof of Lemma 14.11 
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4.2. Conditional uniqueness of the Bourgain Wang solutions. We now claim 
the following conditional uniqueness statement about the Bourgain Wang type so- 
lutions satisfying (|4.5|) : 

Proposition 4.3 (Conditional uniqueness of the Bourgain Wang solutions). Let 

z* G £/~2m+3 a ra( n a \ly symmetric junction satisfying (|2,3p with m = 7. Let t\ < 0. 

Then, there is a unique u G C([t\, 0), H 2 ) solution to 

||u(t) - S(t) - z(t)\\ L2 < \t\ 5 , \\u(t) - S(t) - z(t)\\ m < \t\ 4 . (4.8) 

This proposition follows by a simple further use of the Lyapounov control of 
Lemma [3.51 as in |43j. The proof is postponed to Appendix A. 

4.3. Proof of the main theorems. We are now in position to conclude the proof 
of the main Theorems. 



Proof of Theorem II. 2L Theorem 11.31 



step 1 Definition and continuity of the map T. 

Let m > 7 and z* radially symmetric satisfy (|4,2I) . f|2 . 2[> . (j2.3|) with a*, \rj\ < 
rj*(a*) small enough. Let < 5 <C 1 a small enough universal numbeiQto be chosen 
later. For 77 G (— rj*,rj*), r/ 7^ we let 

T n = \ ° f n > 7S = 0. (4.9) 

I -V (1 + ^)1^1 for 77 < v y 

Observe that fj3.2j) is fulfilled both for r) > and 77 < from the explicit law 

(f2~21~|) . We then let u,, G C((-oo,T J? ],iZ'i n S) be the solution to ([TTJ constructed 

in Proposition 13.11 and define the map: 

T(r ] )=u v (-1), (4.10) 

For 77 = 0, the uniqueness statement of Proposition 14.31 together with the compact- 
ness statement of Lemma [4. II ensures: 

Vi < 0, u v (t) -> u% w (t) in as 77 — )• 

where u'g^/ is the unique Bourgain Wang solution with regular profile z* and singular 
profile S(t) as t — > satisfying the bounds (|4.8p . We thus define 

r(o) = «V(-i) 

so that 

r : (—7]*, 7]*) — > H 1 is continuous 

3 

and r(r?) G i7 2 n E. It remains to show the expected behavior of u v (t) for 77 7^ 0. 
step 2 Scattering and continuation after blow up time. 

Let r\ > 0, then 77^ G 00, 0], H 2 n E) from Proposition 13.11 Let 7;^ be the 
solution to (|l.ip with initial data 



U„(0) = 77^(0) (4.11) 

then from (|2,19p . (|2.2ip and Lemma [2.31 we have: 

vJQ) = -^-P v (^-] e^(°) + ^ = (X(O)e^ 



depending only on z* , see (|4.23|) 
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with 

7,° = "2 f ~^- 2 - (4-12) 

3 

The profile z* satisfies the assumptions of Proposition ^. 1| and thus v v 6 C((— oo, 0] , H afl 
S) and scatters to the left. Now the time reversibility of the (NLS) flow ensures 



Vt > 0, u^rj) = v v (-t) (4.13) 

and thus is global and scatters to the right. Moreover, let 9 £ R. From (|4,12p . 
we have: 

7° — )■ — oo when 77 — > 0+. 
Thus, there exists a sequence ry n — > such that 

i-y° if) 

e 7r >n — y e as n — > oo. 

Along this sequence, we apply Lemma f4.1l to which together with the uniqueness 
statement of Proposition 14.31 ensures: 

V t<0, v Vn (t) -)• u BW in S as 77 ->■ + , 

and (|1.18p now follows from (|4.13|) . This concludes the proof of the case 77 > in 
Theorem 11.21 and of Theorem 11.31 

step 3 Sufficient criterion for loglog blow up. 

We now turn to the case 77 < 0. Let us start with recalling the following criterion 
of log-log blow up which follows from |41] . We let 

. b\y\ 2 

Qb = Q v =o,b = Qe 1 4 . 

Proposition 4.4 (Open characterization of the log-log set, |41j). Let a* > denote 
a small enough universal constant. Let an initial data of the form 

u = Y Q (Q bo +e ) (j^j 

where Eq G H^ ad satisfies the orthogonality conditions: 



Re(e , \y\ 2 Q) = Im(e , AQ) = Lm(e ,A 2 Q) (4.14) 



and assume that the following bounds hold: 
(i) L 2 control: 



Q 2 < / Nl 2 < / <9 2 + «*; (4.15) 



(ii) Energy control: 



E(u) < a *J\Vu \ 2 ; (4.16) 
( Hi ) Open characterization of the log log set: 

b V8 



/-(0) = y~- TTT^Vm > 0, (4.17) 
Ao WvQWl* 

then u blows up in finite time T > in the log log regime with the a priori bound: 

_ . An . 
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Proof of Proposition 14.41 We apply Lemma 6 in [JT] which ensures that u 
blows up in finite time T > in the log log regime. It remains to prove the upper 
bound (|4.18p . Following the notations of the proof of Lemma 6 in |41j, u admits on 
[0, T) a decomposition 

u(t,x) = j(Q b{t) +e) U^j 

where e satisfies the orthogonality conditions (|4,14p . The scaling parameter satisfies 
the following estimate: 

Vt € [0,T), \(t) < 2A , 

and there holds the rigidity: 

w £ [o,t,, /.(*) = § } -^vm>o- 

More precisely, /_ satisfies the differential inequality: 

dt \f_) ~ A ~ A ' 
see p599 of |41j . Integrating this from to T yields the bound: 

T < 1 



A ~ f-(oy 

this is (I4.18P . This concludes the proof of Proposition 14.41 
step 4 Loglog blow up for 7] < 0. 

Let now r\ < and u v = u be the solution to given by Proposition 13.11 with 

3 

the normalization (|4.9|) . Then u E oo, T„], H 5 D S) and scatters to the left. 
Let us check that u satisfies the assumptions (|4.15|) . (|4.1b|) . (|4.17p of Proposition 
14.41 which will yield the claim. 

We compute the energy of u. Recall from (|2.2ip that 



A„(T„) = b v (T v ) = y/(l + S)\ V \. (4.19) 

We then compute from ([2714]), (j27T6|) . (f2~TTP : 

e{ ^ )] = sUt ^ - h + ° (r?) ] = ^f^ + as ^ °- 

We thus estimate from (|3.30p : 

E(u) = EiQ^Tr,)) + E(z*) + o(^(\\s z e^\\ L oo + \\ £z e- c M\\loo] 
= E(Q v (T v )) + E(z*) + 0(\™(T v )) 

= ^ yQ } L2 +E(z*) + o(l) as 7]^0. (4.20) 
8 

Let us now introduce from standard argument the unique decomposition 
«CT,) = > + .) © * = J^y ( W) + '.Pi)) (^y ) ^™ («D 
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with e satisfying the orthogonality conditions ([4.141) . Then, taking the scalar prod- 
uct of ([4.2ip with the three orthogonality conditions (|4.14|) yields: 



A 



1 



+ \b v (T v ) - b\ + | 7 - 7,(^)1 < \\Q b - Q nM T v )\\v + \\e- cM e z (T v )\\ L2 , 



which together with (|2.14p and (j3.30j) ensures the bounds: 

A 



Hence: 



b 
A 



\b-b v (T v )\ + 
b v {T v 



1 



+ G | fi-b n {T v )\ | 



+ l7-7r?(^r?)| < N- 
b v (T n ) 



(4.22) 



A 



A77 (T^ ; 



1 



1 + -(l + o(l)) as 77 ->■(). 


Together with (|4.20p . this ensures that for a given z* , we may chose 5 > small 
enough and find 77* > such that for all —77* < 77 < 0, 

6 ^8 



>0, 



A \\yQWv v " 2V6 
which is (|4TT7|) . 

5 being now fixed, we have from (|4.19p . (|4.2Up and the fact that [|Vtt(T„)||^,2 

w ^ Ir <A ? (T,)<H 
and ()4.16p follows for |r/| < r?*(a*) small enough. As for the 1? control (|4.15p : 
12 ' \Q v (T v )f + 23? ( / z(T v )Q v (T v ) ) + / \z(T vJ 



(4.23) 



\Pv\ 2 + 



~*|2 



+ 0(\\e z e~ c \y\\ 



L 2 



J Q 2 + ^\\yQ\\h+ J \z*\ 2 + o( v 2 ), 



where we used (I2.15p . (|3.30p and (|4.19p in the last inequality. Hence (|4.15p holds 
for \r]\ < 77* (a*) small enough. 

Finally, the assumptions (|4,15p - ([4.17p hold. Hence , we conclude from Proposition 
14.41 that u blows up in the log log regime in forward time at some time T* > T v 
with from (OS) . (IQ51) . ([4~23l) : 



T* <T V + 



A 



< -y/(l + 6)\r]\ + C6^\+0(v) < 



v ~" ' f-(T V j 
This concludes the proof of Theorem 11.21 

Proof of Corollary 11.41 Let = T(rj) be the solution to (jl.ip given by 
Theorem 11.21 For 77 < 0, let T* < be the blow up time of u v , and T* = for 
77 > 0. Note from |30] that the blow up time in the loglog regime is a continuous 
function of the initial data in H 1 and hence the map 77 1— > T* is continuous. We 
then define the transformations: 

uj(l,x) =r 1 (r/) = u v (-l,x)e 1 ^, v 2 v (l,x) =T 2 ( V ) = u v (T; - l,x)e il ^ 
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which are continuous maps from [—1,1] — > S. From the pseudo conformal invari- 
ance, we have the explicit deformation: 

I / —1 x\ M 2 1 / 1 x\ - | a; | 2 

Vr > 0, v~(t,x) = ~u n ( — , - J e l ~, t> 2 (r, x) = -u v ( T* - -, - J e 1 ^ . 

The conclusions of Corollary 11,41 now follow from a direct inspection which is left 
to the reader. This concludes the proof of Corollary 11,41 



Appendix A 



This appendix is devoted to the proof of the Proposition 14.31 
Let u c be the Bourgain Wang type solution constructed in Lemma 14.11 with 9 = 0. 
Note that u c satisfies (|4.8p from (|4.5|) with m = 7. Let u be another solution 
satisfying (|4.8p . We need to show that u = u c . 

4.4. Energy estimates for the flow near u c . First, recall from the proof of 
Lemma [4.11 that u c admits a geometrical decomposition of the form 



Q c + z + u. 



1 



witrfl: 



Ac(t) 
b c + t\ + |A 



(Qb c (t) +e z +e c )[s 



ds 



1 



1*11 < 1*1 



1 

+ i 



\Mod c (t)\ = \(b. 



■c)s + K\ + 



Ac 



A c (*) 

r-o II 7 

-I(7c)s|<|t| 5 



dt A 2 . 



kcllffi < 1*1 , Ikdl^s < |t|a, 



and 

II^IIl 2 % 1*1 

Let us now decompose: 



l^ellif 1 ^ 1*1 , IKH^f < |*|- 



It = u c + tt, ti(*, x) 



1 



-e * 



3 *7c(*) 



(4.24) 

(4.25) 
(4.26) 

(4.27) 
(4.28) 



\ c (t) V'M*), 

Here we do not impose modulation theory and orthogonality conditions on e. We 
however claim that the a priori estimate from (|4.8|) : 

£ l*| 5 > llfillffi £ I*! 4 (4-29) 
is enough to treat the instability generated by the null space of L perturbatively. 



Let 



and 



N(t) 



f \\~, MI2 , \\ U ^)\\ L 2 
SUP \\u(t)\\ h1 + 7-rf 
t<r<0 \ A c(, T J 



Scal(i) = (ei, Q) 2 + (e 2j AQ) 2 + (ei, |y| 2 Q) 2 + (e 2 , />) 2 . 
We first claim the following energy bound: 

Lemma 4.5. There holds for t close enough to 0: 

Scal{r) f° Scal{r) 



N(t)< sup 

t<T<0 



+ 



Ac(r) : 



-dr. 



(4.30) 
(4.31) 

(4.32) 



the inequalities (|4,24[) - (|4.27[) follow from the proof of Lemma 14.1 1 in the case m — 4 for the 
vanishing of z* at the origin. Since this is enough for the uniqueness part of the proof of Proposition 
14.31 we have chosen to state these inequality with m — 4 instead of m = 7 
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Proof of Lemma 14.51 

It is a consequence of the energy estimate (|3.5ip together with the a priori bound 

g23). 



step 1 Application of Lemma 13.51 
Let 

w = u c = (u c )i + i{u c ) 2 
and I(u) be given by (|3.48[> . we claim that: 



\b +0 ( m + ?EM\ % * (4.33) 



A? V A? J ~ dt ' 

Indeed, we apply Lemma 13.51 with w = u c , then the bound (|3.14p holds from (|2.6p 
(|4.27p . and ip given by (|3.15p is identically zero. Furthermore, the bounds (13.461) 
(ET4TI) hold from (ET251) (1437)1 . Hence (13311 becomes: 



dt X 2 



Kl / dtu c (2\u\ 2 u c + u 2 u c ) 



k\j i; 2 -(/-U;)™)-ii(/^fe)f 

+ + (4.34) 

We consider the first two terms in the right-hand side of (|4.34p and expand u c = 
w c + u c , where w c = Q c + 

~~k^{J U ^ 2 ) ~ ® (/ a *^( 2 ^l 2 ^ + ^)) ( 4 ' 35 ) 

i „ / r ,= 2 



+ hi / v 



^ 2 -Q ( / w c u ) - K( / «9 t w c (2|tt| 2 w c + tt 2 w c ) 



-■^2 3 ( j (2u c w c + u 2 c )u ) -3?( I (hir r (2\u\ 2 a r + u-u, ) 



3? I / <9iU c (2|ti| 2 u> c + u 2 w c ) I — K ( / (9ttt c (2|u| 2 tt c + -u 2 u c ) 



Arguing like for the proof of (I3.67p . we may rewrite the first two terms in the 
right-hand side of (|4.35p as: 

--^9 (^j w 2 ^ ~^(J d t w c (2\iL\ 2 w c + Pw^j (4.36) 



6c 
A 2 



y ((|Q C | 2 + 2t 2 c )^\ + 4£ C 6 C ^2 + (|Qc| 2 + 2Q 2 c )~u 2 2 ) 

(/ (^) (2|^| 2 Q C + fi'ol) • vol) + o fep + M\ 



^Keep in mind that we do not have satisfactory well localized bounds in u c , and the correspond- 
ing terms will be treated using the smallness (|4.27p 
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where Q c = S c + iO c . For the next two terms in the right-hand side of f|4.35|) . we 
use Sobolev embeddings and (I4.27P to obtain: 



- -^9 (J(2u c w c + u 2 c )u J - 3? ^ &iy c (2|//| 2 '>,. + 

< ^2 lkc||L°°||Wc||L2||-u||^ 4 + HUcll^llull^ 



A? 



||3 t w; c ||Loo||u c || L 2||n||24 
where we used the boun^ 1 



nil?, < l^ki 



~ A 2 



+ M 



(4.37) 



||3tW c ||L°° < — 



1 

aT 



The last two terms in the right-hand side of (|4.35p require using the equation sat- 
isfied by u c : 



id t u c = -Au c - (|u c | 2 u c - \w c \ 2 w c ) - ip c 
where i/j c is defined by: 

ip c = id t w c + Aw c + \w c \ 2 w c . 

Recall from (l3~75l) : 



\Mod c (t)\ + Ag 
A? 



< A 3 



(4.38) 



Using this together with (|4,38p . integration by parts, Sobolev embeddings and the 

3 

i7 2 bound (I4.27P now yields: 

- r (/ «^TS«) - » (/ WW^P-. + 8»5 



< 



u c 3 

2 



||2|tt| w c + u w c \\ i + ||2|tt| u c + u u c \\ i 



+ \\(\u c \ 2 u c - \w c \ 2 w c ) + 4> C \\ L 2 [||iu; c ||ioo||w||^4 + ||tt c ||i6||{t||| 6 ] 



I ~ [1 2 



< 



'L 2 , ||~i|2 



"^2 ^ IMIfll' 



(4.39) 



We now consider the last term in the right-hand side of (|4.34p and compute: 



& I J AVcj) 
U ( [ AV<f) 



x 
AX C 

x 



(2\u\ 2 u c + u 2 u c )Vu, 



(4.40) 



(2|£| 2 Q C + u z Q c )VQ c ) + Error 



,~2 



'The worst term is generated by the phase |(7c)t| i$ tz- 
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with from Sobolev embeddings, (|XB]h ([330]) . and KTI) : 

x 



| Error | 



3? / AV<j) 



+ 
+ 



3? / AV0 



AX, 



AX, 



AX, 



(2|n|^(z + u c ) + + u c ))VQ, 



5ft / — (2|u|^Q c + u z Q c )V(z + u, 



(2|up(z + u c ) + + u c ))V(z + u c ) 



1 



< I -^\\e- c ^e z \\ L 2 + ||Vg c ||L<»||fic|Ua + IIQ c ||l-(I|Vz|| L 2 + \\Vu c \\ L 2) ) \\u\\ 2 L4 



iiW 2 



+ (Ml* + \\uc\\Le)(\\Vz\\ L2 + \\Vuc\\v)\\u\\i* ^ ^| 
Collecting the estimated (0311) -(H3H) yields: 



+ M 



H 1 ' 



(4.41) 



dX b c 
~dt = Xl 



+ M / V 



((|Q C | J + 2S^)uf + 4S c e c nin 2 + (|Q C | 2 + 20^) 



4A 2 



A 



I ~ 1 2 



+ O 



AX C 



f ) ) k{x){2\u\ 2 Q c +~u 2 Q c )-VQ, 



!i 2 i ll~l|2 



A? 



+ « 



We now use the uniform proximity of Qb c to Q and the coercitivity property (|3.65D 
to conclude like for the proof of (|3.67D : 



k 
x}. 



M. 



\Ve\ 2 e vTT + / \ £ \ 2 + 0(Scal(t)) 



O 



xl 



L 2 , ||~||2 \ < dX 



which implies (|4.33p . 
step 2 Coercivity of X. 
We now recall from (|3.48p the formula: 



X{t) 



\Vu 



~|2 



i /" l«r i 



2 / A 2 . 4 



|u c + u| + 



1 &„ 



+ / K| (u c ) 1 u 1 + I \u c \ (u c ) 2 u 2 + 2^~^ ( / 



AX C 



Expanding u c = w c + u c and arguing like for the proof of (|4.33p , we get using (|4.29p 
the rough upper bound: 



\i\<\Wt)\\ 2 H i + 



We now claim the lower bound: 



u 



L 2 



xm 



->• as t 0. 



(4.42) 



> 



1 

2A 2 

c 

a! 



X(t) > ^[(L + e 1 ,e 1 ) + (L_e 2 ,e 2 ) + o(\\e\\ 2 Hl )] 

Scal(i) . 



IpII 2 



(4.43) 
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The proof is very similar to the one of ([3.641) using also the control of interaction 
terms similar to (|4.37p . f|4.39|) . (|4.4ip . The details are left to the reader. 
Integrating (|4.33|) from t to using the boundary condition (j4.42j) and the lower 
bound (jQgp now yields (|Q5I> . 
This concludes the proof of Lemma 14.51 



4.5. Control of the scalar products and proof of Proposition 14.31 It now 

remains to control the possible growth of the scalar product terms in ([4.32p . We 
claim: 

Lemma 4.6 (A priori control of the null space). There holds for t close enough to 
0: 

Scal(t) <\t\^\t\ 2 N(t). (4.44) 



Let us assume Lemma 14.61 and conclude the proof of Proposition 14.31 
Proof of Proposition 14.31 

From (|4.32p . f)4.44|) and the law A c ~ \t\, we have for t close enough to 0: 
N(t) < \t\$N(t) + f ^dr < \t\$N(t) 



t \ T 



and hence N(t) = for t small enough. From the definition (|4.30p of N, this yields 
u = u c and concludes the proof of Proposition 14.31 



Proof of Lemma 14.61 

step 1 Approximate equation in conformal variables to the order O(A^). 
Let v,v be defined by: 

^^^Wf^Wj) 61 ^' ^y) = v ^yy bJ ^ ( 4 - 45 ) 

then v satisfies the equation: 

id s v + Av-v + ({b c ) s + b 2 c )^^ + v\v\ 2 = i (^j^- + b^j Uv - tbj^-v) + (-y c ).v. 

. b c \y\ 2 

Starting with u c , we also define v c and v c (s, y) = v c (s, y)e % * . We let u = u c + u 
and define: 

. b c \y\ 2 

v = v c + e, v=2Lc + £, i-e. e = ee l ± . (4.46) 
Since u c satisfies e satisfies: 

I 1 2 

id s e + Ae - s + {{b c ) s + b 2 c ) 1 -^ + (v\v\ 2 - v c \v c \ 2 ) 

= (lc) s e + i + 6 C ) Us - i&c^e) • (4.47) 

([TOP . (IQ51) and (jCTj) yield: 

id s e + Ae-e + (v\v\ 2 - v c \v c \ 2 ) = O (X 5 C {1 + \y\ 2 )e + Aj!(l + |y|)Ve) . (4.48) 
Let e = £_i + ie 2 - We define: 

■ b c j y |^ - b c | y | ^ 

£z( s ,y) = £z(s,y)e 1 ^—, e c (s,y) = e c (s, y)e l ^~ . 
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We now expand the nonlinear term in ([4.48P as well as v c = Q + e z + e c to derive 
the equation at order O(A^): 

- id s e + L{e) = -ip (4.49) 

where L is given by: 

L(£) = L+(e l ) + iL-(e 2 ), (4.50) 
and where the remainder ip satisfies: 

ip = (Ajj(l + \y\ 2 )e + A^(l + \y\)Ve + e z e + 8^8 + e 2 z e + £e + v_£ + e 3 ) . (4.51) 
step 2 Control of Scal(t). 

Let f(y) = 0(e~ c \ y \) be a smooth well localized function, then (|4.49p yields: 

f s {Z(eJ)} = -K(e,LU)) + 0(^,f)) (4.52) 

with 

l(V>,/)l < >£k\\i? + ||e 2e - c ^l|| i2 ||e|| L2 + ||£ c || i2 \\e\\ L 2 + \\e z e- c ^\\ 2 L 4e\\ L 2 

+ ||£clll,4||£||i2 + ||u c ||L4||e||L4||e||L2 + ||e||l4||e||L2 

< A c 5 ||e|| L2 . (4.53) 

The control of Scal(t) is now a consequence of ((4.52|) . (|4.53|) and the structure of 
the null space (|1,23|) . 

Using (|4T53|) . the fact that L_(Q) = 0, and (I4T52]) with / = iQ, we have: 

^{(B l ,Q)} = 0(X 5 c \\e\\ L2 ). (4.54) 

We integrate this in time using the zero boundary condition from f)4.8|) and the 
definition (lOOl) for N(t): 

|(Sl,Q)l</ A C 5 ||6|| L2 ^= / A 3 ||e|| L2 dr<|t|2|t|v^V(i). (4.55) 



Using ((4331) , tne fact that L +(^Q) = ~ 2 Q, and (F52|) with / = AQ, we have: 

^{(e 2> AQ)} = 2(e 1 ,g) + 0(A«||e|| ia ), 
which time integration using (|4.55p yields: 

+oo 



\(e 2 ,AQ)\ < / (|(£ 1 ,Q)| + A 5 ||6|| i2 )da< / \ T \iy/N{j)dT 

J s Jt 

< \t\%\t\y/W(fi- (4.56) 
Using flg3JD , the fact that L_(|y| 2 Q) = -4AQ, and ((432]) with / = i|y| 2 Q, we 
have: 

-f g {fei, |y| 2 Q)} = 4(e 2 , AQ) + 0(A5||e|| L2 ), 

which together with (|4.56p yields: 

r0 



£i,|y| 2 Q)l</ Miv^V(7)^ < |t|l|t|v^V(t). (4.57) 



Using (^33]) . the fact that L+(p) = |y| 2 Q, and (^32]) with f = p, we have: 

^{fe 2 ,p)} = -fei,|y| 2 Q) + o(A^||e||L 2 ), 
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which together with ([4.57P yields: 

\(M2,P)\ £ J M = VW)dr <\t\*\t\ VW). (4.58) 

Finally, (j435>([4~58j) together with the fact that e = ee ib ^~ and e~ ibc ^~ = 1 + 
0(\t\\y\ 2 ) imply: 

|( £l ,Q)| + |(£ 2 ,AQ)| + |y| 2 Q)| + \(e 2 ,p)\ < \t\^\t\^N(fj 
and (|4.44p is proved. 
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